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Abstract. We propose a scheme for preparing the squeezing of an atomic motion and an Einstein-Podolsky-
Rosen state in position and momentum of a pair of distantly separated trapped atoms. The scheme utilizes
the quantum nondemolition measurements with interaction between the cavity field and the motional state
of the trapped atom in cavity QED. By illuminating the atoms with bichromatic light, the interaction
Hamiltonian of the cross-Kerr effect between the cavity and atomic motion is generated to implement

quantum nondemolition measurements.

PACS. 03.67.Hk Quantum communication — 32.80.Lg Mechanical effects of light on atoms, molecules,

and ions — 42.50.-p Quantum optics

1 Introduction

The generation, distribution, and application of continu-
ous variable quantum entanglement are topics of consid-
erable interest at present in the fields of quantum com-
munication and quantum computation. In this context, a
variety of protocols for continuous quantum variables have
been proposed and in some cases already demonstrated ex-
perimentally, including quantum teleportation [1], quan-
tum cryptography [2], quantum dense coding [3], and
quantum information [4]. The preparation of entangled
atomic states is one of the goals of atomic physics and
quantum optics. Various methods have been recently pro-
posed to engineer entanglement between atoms [5,6].
The quantized motional states of atoms or ions in con-
fining potentials offer interesting possibilities for a vari-
ety of applications, such as the preparation and study
of nonclassical states [7] and the storage and manip-
ulation of quantum information [8]. These possibilities
step from the relatively long coherence times that can
be achieved with motional states (due to the absence of
strong damping mechanisms) and the precision with which
transformations between motional states can be controlled
using light-induced transitions. Recently, Parkins et al.
proposed a scheme that enables motional quantum states
to be coupled to propagating light fields via interactions
in cavity quantum electrodynamics (cavity QED) [9]. The
entanglement of the atoms’ motional states is achieved
through the transfer of entanglement from the quantum-
correlated output light fields from a nondegenerate para-
metric amplifier [10]. To this end, more schemes were also
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proposed, one is that “local” entanglement of orthogo-
nal motional modes of a single atom trapped inside an
optical cavity is transformed wvia propagating light fields
into “nonlocal” entanglement of the motional modes of
distantly separated atoms [11], the other is that the mo-
tional modes of two trapped atom are entangled with a
propagating light field via a cavity-mediated parametric
interaction [12]. Mancini et al. exploited ponderomotive
forces to entangle the motions of different atoms [13].

Quantum nondemolition (QND) measurement on sam-
ples of atoms has been proposed as a means to entangle
atoms in the samples [14]. By QND detection atoms can
be projected into an entangled state by the measurement
and following these proposals experiments have produced
and verified entanglement of large atomic samples [15]. In
the present work, we propose a scheme to preparing the
squeezed and entangled motional state by means of QND
measurement. Two auxiliary lasers, incident through the
sides of the cavities, combine with the cavity fields to drive
Raman transitions between neighboring vibrational levels
of the motion of each atom. The cross-Kerr effective in-
teraction is generated for the QND measurement. In this
way, the need of nondegenerate parametric amplifiers is
eliminated, and all of the desired operations are achieved
using only trapped-atom cavity QED configurations. The
advantage of our scheme is that interaction quadratures of
the cavity field and motional mode may be controllable by
the bichromatic auxiliary lasers. So, the entangled states
of two atomic motion are a bipartite entangled state with
equal strength correlations between quadratures. More-
over, the controlled cross-Kerr interaction may be used
directly for achieving some protocols for quantum com-
munication between atomic motions.
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Fig. 1. Schematic of proposed experimental setup and excita-
tion scheme.

2 Model

The basic setup we use was originally considered by Zeng
and Lin [16] and developed for coupling motion to light
by Parkins and Kimble [9,10]. This setup consists of a
two-level atom confined in a harmonic trap located inside
an optical cavity. The atomic transition of frequency w4 is
coupled to a single mode of the cavity field of frequency w,
and is also driven by two external (classical) laser field of
frequency wr,, and wr,. The physical setup and excitation
scheme are depicted in Figure 1. The cavity is aligned
along the z-axis, while the laser field is incident from a di-
rection along the y-axis (i.e., perpendicular to the z-axis).
The Hamiltonian describing the atom-cavity system, in-
cluding the atomic motion, takes the form (in the frame
rotating at the cavity field of frequency w..)

H=h Y vblbi+hAcio_ +h[Eeos + Elyo_]

i=,y,z

+ hgo sin(kx) (aTa, +o04a). (1)

Here, Foy = ELle*(itith*erCﬁLl) + ELze*(i5L2t*f<y+¢L2)
and Ey,, Er, are the amplitude of laser fields. vy, vy,
and v, are the harmonic oscillation frequencies along
the principal axis of the trap, b; and a are annihila-
tion operators for the quantized atomic motion and cav-
ity field, respectively, o_ = |g) (e| is the atomic lower-
ing operator and A = wy — we, 0, = wr, — w. and

dr, = wr, — we. The single-photon atom-cavity dipole
coupling strength is given by go and « is the wave num-
ber of the cavity field. The choice of sine function, with
x = (h/2mu,)Y?(b, + bl), being the position operator of
the atom, denotes that the trap is assumed to be centered
at a node of the cavity standing-wave field.

Heisenberg equations of motion are straightforwardly
derived from the above Hamiltonian. Assuming the detun-
ings of the light fields from the atomic transition frequency
to be very large [Z'-e'a A> V3, 90, |EL1| ) |EL2| ) |5L1| ) |6L2 ”7
atomic spontaneous emission can be neglected and the in-
ternal atomic dynamics can be adiabatically eliminated.
In the equations of motion, this is done by making the
replacement

1
o~ —Z[Eext + go sin(kx)a). (2)

The corresponding Hamiltonian them takes the form

|Eox]® g2

h
_ A _ 150 eo2 i
H, = h. E v;b;b; + A A sin“(kx)a'a
i=x,y,2
th . + *
-3 sin(kz) [Eexsa’ + Efgal . (3)

The second term shows that the bichromatic external
fields do not drive the y motional sideband due to indepen-
dence on y motion. The forth term describes the coupling
between the cavity field mode and the bichromatic exter-
nal fields. However, the bichromatic external fields can be
not coupled directly to drive the motional sideband 2wv,.

The size of the harmonic trap is assumed to be small
compared to the optical wavelength (Lamb-Dicke approx-
imation). This enables the approximations sin(kz) =~
nz(bz + bl). Given this assumption, it is also possible to
design a configuration for which we can neglect all posi-
tion dependence in the laser field. Therefore, the problem
essentially becomes one-dimensional and we can restrict
our attention to just the x-direction.

To second order in 7,, equations of motion for the op-
erators a and b, are then

0295

. Fex
= —ka+i290 (b, + b)) a4 1902 (gl
A A
+ V2kain,
; 1298
be = —lvgby + izTO (bx + bl) ata — I'by + ¢
+ i% [Eexa + Ea] . (4)

Here, the operator ai, obeys the commutation relation
[ain (t), ajn (t"] = o6(t — t') and describes the quantum
noise input to the cavity field from the external field. The
parameter k is the cavity field decay rate which occurs
through the input-output mirror (we neglect other losses
of cavity, such as losses from absorption, scattering of mir-
rors). The parameter I is atomic motion decay rate. ¢, de-
scribes the vacuum noise introduced by the atomic motion
decay. We have to remark, however, that the damping and
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heating mechanisms of a trapped atom are not yet well
understood [17] and that different kinds of ion-reservoir

interaction have been proposed [18].

Next, we make the transformation b, = gxe*i”wt, and

choose Er, = Fr, = Fr and the detuning between the
cavity and laser fields to be —dr, = 01, = v,. The terms
of second order in 7, describe photon-number dependent
phase shift; these will in general be very small and may
be neglected. Assuming that v, > k, |Ergon. /4|, the os-
cillating terms in the resulting equations may be dropped
in a rotating-wave approximation to yield

a4 = —ka + i (eii(ﬁl‘l’gx + e*i¢L2ﬁl;;r:) + \/2kain
Ex = —FE;E + i (aTefi‘z’L2 + aeiml) + (e (5)

where we have defined 2 = (gon, Fr)/A. The quadratures
of the cavity field and motional mode corresponding to
equation (5) are then

Xo = kX, +202X,, +V2kX,,,
Va=—kY, +V2kY,
Xp, = —1T'Xp, + X,

Yy, = 1Y, —20Y, +Ye, (6)

in

where X, = a +af, X;, = b, +bl, Y, = —i(a — al),
Yy, = —i(b, —bl), and we have set ¢r, = ¢r, = 7/2. The
effective interaction Hamiltonian between the cavity and
motional mode is simply a coupling of the form

Heg = hQY, X, (7)

This is the interaction Hamiltonian of the cross-Kerr ef-
fect [19], which is the main result of this paper. The im-
portant feature of this Hamiltonian is that the amplitude
quadrature X, of cavity field picks up information about
the amplitude quadrature of the motional mode X, , while
the latter is left unchanged.

3 Generation of squeezing and entanglement
of motion

The Hamiltonian of equation (7) is identical to the one
of the off-resonant interaction between the laser field and
the atomic ensemble [14]. The spin squeezing and entan-
glement of two macroscopic atomic samples have been
produced experimentally by the QND measurements with
this Hamiltonian [15]. The protocols of quantum commu-
nication between atomic ensembles have also been pro-
posed, i.e. quantum teleportation, quantum swapping.
Thus, these protocols may be applied easily in motional
state in cavity QED system. The QND schemes produce
conditional squeezed motional states that are dependent
on the measurement result. On the other hand, the uncon-
ditional squeezing may be generated by quantum feed-
back [20]. The results of the QND measurement, which

conditionally squeeze the motion, are used to drive the
system into the desired, deterministic, squeezed motional
state.

First we discuss the scheme of producing the EPR state
between two atoms in the same cavity. Two atoms are lo-
cated at the different nodes of the cavity field. The am-
plitude quadrature of the cavity field output is measured.
The equations of motion for the operators are

i = —ha+i2 (e Vhiby, + e 0hab, + o Vhiby,
+e_i¢12512-;c> + \/ﬁain
glz = *FEM + 12 (aTe7i¢1Lz + aewlLl) + (s

EQ:C = _FEQJC +if2 (aTe_i(szQ + aei¢2L1) + C2a:- (8)

Here, EM and 521. are annihilation operators for the two
quantized atomic motions respectively. qbil, q§i2 and <Z)%1,

%2 are the phase of two laser fields of atom 1 and 2,

respectively. Firstly, we set <Z)1L1 = q§i2 = %1 = %2 =7/2
at time ¢y, then the quadratures of the cavity field and

motional mode are

Xa = —kXq+202(Xs,, + X,,) + V2k X,

d
E(YL“ + YE?zL) - 71—1(}671:5 + YE?zL) —402Y, + YClx + YCM
(9)

and Ya? (Xblac +Xb2:c)7 (Xblac 7Xb2:c)7 (Yblx - YE?zL) are not
changed. In the realistic case k > (2, we can adiabatically
eliminate the cavity mode a

N 2
Xo = 29 (Xpy, + Xp,,) + \/;X (10)

The experimentally measured quantity is the integration
of the homodyne photon current over the measurement
time T. With equation (10) and the boundary condition
Gout = @ — Gjn, the measured observable corresponds to
the operator [21]

Xp = % /0 ' (aout(t) tal, (t)) at

220
- VE

L

(Xp,, + Xpy,) + Nia

Xin (11)

where X = ar + aTT7 and ar, satisfying [aT,aTT] =1,
is defined by ar = 1/VT fOT aous(t)dt. Equation (11) as-
sumes k > (2 and e *T <« 1. There are two different
contributions in equation (11). The first term represents
the signal, which is proportional to X3, + Xp,,, and the
second term is the vacuum noise. We get a collective mea-
surement of X3, + Xj,, with some vacuum noise X,,,
from the cavity field output. After this round of mea-
surements, we set ¢y = ¢7_ = m and ¢} = ¢7 =0,
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the quadratures are

Xa = —kX, + 2Q(Y;)1z - YZ?J) + 2ani“
d

_(Xblac - Xbm:) -

i —I(Xy,, — Xyp,,) +402Y,

+X§1w _XCM (12)

and Yo, (Xblac + Xbm:)v (Y;?u + Yb2x)7 (Y;?u - YE?zL) keep
unchanged. In this round, we get the collective measure-
ment of new variables Y;,, — Y3, . In this way, both the
EPR operators Xy, , + Xp,, and Yy, — Y, are measured,
and the final state of the two atomic motion is collapsed
into a two-mode squeezed state with variance

<62(Xb1a: + Xb?z)> /2 = <62(YEJ1z - Yb2m)> /2 =¥ (13)

where the squeezing parameter r is given by

r= %m (1+297) (14)
where n = /822T/k and the atomic motion decay dur-
ing the measurements is not considered. Thus, using only
coherent light, we generate continuous variable entangle-
ment between two nonlocal atomic motions.

We now consider the two atoms placed in separate cav-
ities, and interacting sequentially with the same light field.
That is, the outgoing field from the first cavity enters the
second one. We assume the same coupling constant, the
same cavity field rate and the same oscillation frequency

for the two atoms. Firstly, we set ¢} = ¢7 = ¢7 =

<Z)%2 = m/2, then the quadratures of the cavity field and
motional mode of atom 1 are

1 2
~ X Z i
% ”“Jr\/;“

. 2
Ybla: = _2\/;9Yain - FY}M; + Yle

where, we consider adiabatically setting @ = 0 when the
cavity field rate k > 2. The boundary condition reads
al, = oy = V2ka. Then the quadratures of the output
optical field from cavity 2 and motional mode of atom 2
are

(15)

2
Xa:)ut = 29\/;()(51@ + Xbu) + Xa;,

. 2
Yo, = _2\/;0Yain - FYbu + YCu'

We measure the amplitude quadrature of the output op-
tical field from cavity 2 to achieve the information of
Xp,, + Xp,, with the measurement time 7'. After this

(16)

round of measurements, we set ¢y = ¢7 = 7w and
¢1, = ¢, = 0, the quadratures are
2
Xa:,ut =20 E(YEHJL - me:) + Xai
: 2
Xb, = 2\/%9}/:““ - I'Xy,, + XClx
: 2
Xby, = 2\/%9}/;““ —I'Xy,, + X¢,, (17)

and Yy, , Yb,,, Ys,,are not changed. In this round, we get
the collective measurement of new variables Y3, —Y}, . In
this way, both the EPR operators X, + X3,, and Y, —
Y4, are measured from the output optical field of cavity 2,
and the final state of the two atomic motion in separate
cavities is collapsed into a two-mode squeezed state with
variance (0%(Xb,, +X,,))/2 = (6° (Yo, —Y3,,))/2 = ™%,
where the squeezing parameter r is equal to equation (14).

In the following, we show as an example how to achieve
quantum communication, i.e., quantum teleportation, be-
tween distant atomic motion using only coherent light. We
consider unconditional quantum teleportation of continu-
ous variables [1] from one atomic motion to the other in
separate cavities since we have continuous variable entan-
glement. To achieve quantum teleportation, first two dis-
tant atomic motion 1 and 2 are prepared in a continuously
entangled state using the nonlocal Bell measurement de-
scribed above. Then, a Bell measurement with the same
setup on the two local atom 1 and 3, together with a
straightforward displacement of X3, _, Yz, on the atom 2,
will teleport an unknown atomic motion state from atom 3
to 2. The teleportation quality is best described by the
fidelity, which, for a pure input state, is defined as the
overlap of the teleported state and the input state. For
any coherent input state of the atom 3, the teleportation
fidelity is given by

1 1
F=1/(14+—" 4+ —).
/<+1+2n2+2n2)

We now consider briefly the conditions under which the
most significant assumptions required by our model should
be satisfied. These conditions has been examined in some
detail in reference [9]. First, the neglect of terms in the
effective motion-cavity mode interaction Hamiltonians,
which vary like et2¥=* requires that the trap frequencies
be large in comparison with the cavity decay rate k and
the effective coupling parameter §2. Second, the Lamb-
Dicke parameter must satisfy 7, < 1. Let us consider a
specific example of the trapped °Be™ ions. Recent exper-
iments with this ion [7] have been performed with har-
monic oscillation frequency along the principal axis of
the trap v, /27 ~ 11-30 MHz, corresponding to Lamb-
Dicke parameter 7, ~ 0.14—0.086. If we assume, for ex-
ample, that the mirrors forming the cavity have radii of
curvature equal to 5 cm and are separated by a distance
! = 1 mm, the go/(27) = 5.3 MHz. For a cavity finesse
of 75000 one obtains k/(27) = 1 MHz, while a trap fre-
quency of v, /(2m) = 22 MHz (corresponding to a Lamb-
Dicke parameter 7, = 0.1) gives v, /k = 22. We choose
the measuring time 7' ~ 8 ps and let Kerr coeflicient
2/(27) = 0.1 MHz. A high squeezing » = 1.1 and a fi-
delity for the teleportation F = 0.81 is obtained if there
is no extra noise.

(18)

4 Conclusion

In conclusion, we have described a scheme for squeezing
and entangling motional modes via QND measurements in
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cavity QED. We have considered two scenarios to entan-
gle the motions of two atoms: atoms in same and in sepa-
rate cavities. This scheme has a advantage of establishing
entanglement and achieving some protocols for quantum
communication between atomic motions only by means of
coherent optical field in cavity QED. The exciting progress
has been made recently in experimental cavity QED with
single trapped atoms [22], which collectively offers great
encouragement to our proposal. Realization of this scheme
would offer the exciting possibility of implementing a vari-
ety of continuous variable quantum computation and com-
munication protocols.
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